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Recall from [11, Chapter XIII] and [15, Chapter IV] that a function f is completely monotonic on an
interval I if f has derivatives of all orders on I and
0 (−1)n f (n)(x) < ∞ (1)
for x ∈ I and n  0. The famous Bernstein–Widder Theorem (see, for example, [15, p. 160, Theo-
rem 12a]) states that a function f (x) on [0,∞) is completely monotonic if and only if there exists a
bounded and non-decreasing function α(t) such that
f (x) =
∞∫
0
e−xt dα(t) (2)
converges for x ∈ [0,∞). This says that a completely monotonic function f (x) on [0,∞) is a Laplace
transform of the measure α(t).
The classical Euler gamma function
Γ (x) =
∞∫
0
tx−1e−t dt, (3)
the psi function ψ(x) = Γ ′(x)
Γ (x) , and the polygamma functions ψ
(i)(x) for i ∈ N and x > 0 are important
special functions and have extensive applications. In particular, the functions ψ ′(x) and ψ ′′(x) are
called the tri-gamma and tetra-gamma functions, see [1, p. 260] and [7, p. 71].
We begin by summarizing several theorems which motivated this paper.
To show the double inequality
(n − 1)!exp
[
α
x
− nψ(x)
]
<
∣∣ψ(n)(x)∣∣< (n − 1)!exp[β
x
− nψ(x)
]
(4)
for x > 0 if and only if α −n and β  0, it was established in [2, Theorem 4.8] that the inequality
[
ψ ′(x)
]2 + ψ ′′(x) > p(x)
900x4(x+ 1)10 (5)
holds for x > 0, where
p(x) = 75x10 + 900x9 + 4840x8 + 15370x7 + 31865x6 + 45050x5
+ 44101x4 + 29700x3 + 13290x2 + 3600x+ 450. (6)
In the proof of [4, Theorem 2.1], the inequality (5) was simpliﬁed as
[
ψ ′(x)
]2 + ψ ′′(x) > 0 (7)
for x > 0. In [5, Lemma 1.1], an alternative proof of the inequality (7) was supplied.
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Lemma 1.2] which reads that
(−1)nψ(n+1)(x) < n
n
√
(n − 1)!
[
(−1)n−1ψ(n)(x)]1+1/n, x > 0, n ∈ N. (8)
The inequality (7) was utilized in [3, Theorem 4.3] and generalized to q-analogues in [3, Lem-
ma 4.6].
In [6, Remark 2.3], it was mentioned that the inequality
ψ ′′(x) +
[
ψ ′
(
x+ 1
2
)]2
< 0 (9)
for x > 0 is a direct consequence of [6, Theorem 2.2] which reads that the inequality
(n − 1)!
[
ψ(k)(x+ 1/2)
(−1)k−1(k − 1)!
]n/k
< (−1)n+1ψ(n)(x) < (n − 1)!
[
ψ(k)(x)
(−1)k−1(k − 1)!
]n/k
(10)
holds for x > 0, 1 k n − 1 and n ∈ N.
Motivated by the inequalities (7) and (9), a very natural question may be asked as follows: What
are the best possible constants 0μ1 < μ2  12 such that the functions
ψ ′′(x) + [ψ ′(x+ μ1)]2 (11)
and
−{ψ ′′(x) + [ψ ′(x+ μ2)]2} (12)
are completely monotonic on the deﬁned interval?
The ﬁrst aim of this paper is to answer this question.
Theorem 1. Let α ∈ R and x > −min{0,α}.
1. The function
ψ ′′(x) + [ψ ′(x+ α)]2 (13)
is completely monotonic if and only if α  0.
2. The function
−{ψ ′′(x) + [ψ ′(x+ α)]2} (14)
is completely monotonic if
α  sup
x∈(0,∞)
x
φ−1([2(x+ 1)2 − 1]e2x) , (15)
where φ(x) = x coth x for x ∈ (0,∞) and φ−1 is the inverse function of φ .
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1. The function
ψ ′(x+ α) − 1
2(x+ α)2 −
(x+ α)2
x3
(16)
is completely monotonic if and only if α  0.
2. The negative of the function (16) is completely monotonic if the inequality (15) validates.
3. The necessary condition for the negative of (16) to be completely monotonic on x ∈ (0,∞) is
α  sup
x∈(0,∞)
{
x
[
1− 3
√
2x
2x2ψ ′(x) − 1
]}
. (17)
Corollary 1. For α  16 , the function (14) and the negative of (16) are completely monotonic on (0,∞).
Remark 1. We note that Theorem 1 is equivalent to the following statement: For β ∈ R and x >
−min{0, β},
1. the function
ψ ′′(x+ β) + [ψ ′(x)]2 (18)
is completely monotonic if and only if β  0;
2. if
β − sup
x∈(0,∞)
x
φ−1([2(x+ 1)2 − 1]e2x) < 0, (19)
the negative of (18) is completely monotonic.
Similarly, Corollary 1 can be restated as follows: For β − 16 , the negative of (18) and
1
2x2
+ x
2
(x+ β)3 − ψ
′(x) (20)
are completely monotonic on (−min{0, β},∞).
Remark 2. We conjecture that both of the supremums in (15) and (17) are equal to 0.06 . . . and it is
the smallest value of α such that the function (14) and the negative of (16) are completely monotonic
on (0,∞).
The second aim of this paper is to give a necessary and suﬃcient condition on λ ∈ R such that the
function
λ(x) =
[
ψ ′(x)
]2 + λψ ′′(x) (21)
is completely monotonic on (0,∞).
Theorem 3. The function λ(x) is completely monotonic on (0,∞) if and only if λ 1.
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Corollary 2. For p = 0 and q ∈ R, deﬁne
f p,q(x) = epψ(x+1) − qx (22)
with respect to x ∈ (−1,∞), Then the function f p,q(x) is strictly
1. decreasing if and only if p = 1 and q 1 or p < 0 and q 0;
2. increasing if and only if p = 1 and q 0 or p > 1 and q 0;
3. convex if and only if p  1 or p < 0.
Moreover, the function f p,q(x) has a unique minimum if and only if p  1 and 0 < q < 1 or p < 0 and q < 0.
Remark 3. The nth harmonic numbers are deﬁned by
Hn =
n∑
k=1
1
k
(23)
for n ∈ N. It is well known that Hn can be expressed in terms of the psi function ψ(x) by
Hn = ψ(n + 1) + γ , (24)
where γ = 0.57721566 . . . is Euler–Mascheroni’s constant.
In [13], it was shown that
1
2x
− 1
12x2
< ψ(x+ 1) − ln x < 1
2x
(25)
for x > 0. By the inequality (25), it follows that
x
[
xp−1 exp
(
p
2x
− p
12x2
)
− q
]
< f p,q(x) < x
(
xp−1ep/2x − q)
for p > 0 on (0,∞), which implies that
lim
x→∞ f p,q(x) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1
2 for p = q = 1;
0 for p < 0 and q = 0;
∞ for p = 1 and q < 1 or p > 1 and q 0;
−∞ for p = 1 and q > 1 or p < 0 and q > 0.
(26)
As a result, from the monotonicity of f p,q(x), the identity (24) and the limit (26), we may derive the
following double inequality for bounding the nth harmonic numbers or Euler–Mascheroni’s constant:
ln
(
n + 1
2
)
< Hn(n) − γ  ln
(
n + e1−γ − 1), n ∈ N, (27)
which is a recovery of [14, Theorem 5].
Remark 4. Corollary 2 generalizes [9, Corollaries 2 and 3] and [14, Theorem 2].
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Proof of Theorem 1. Let Φα(x) denote the function (13) for α ∈ R and x > −min{0,α}. By standard
computation, it follows that
Φ
(k)
α (x) = 2
k−1∑
i=0
(
k − 1
i
)
ψ(i+1)(x+ α)ψ(k−i+1)(x+ α) + ψ(k+2)(x)
for k ∈ N and x > 0. It is well known [1, p. 260, 6.4.1] that the polygamma functions ψ(n)(x) for n ∈ N
and x > 0 have the following integral expressions
ψ(n)(x) = (−1)n+1
∞∫
0
tn
1− e−t e
−xt dt. (28)
This means that
lim
x→∞Φ
(k)
α (x) = 0 (29)
for k 0.
By the recurrence formula [1, p. 260, 6.4.6]
ψ(k−1)(x+ 1) = ψ(k−1)(x) + (−1)k−1 (k − 1)!
xk
(30)
for x > 0 and k ∈ N, a simple computation gives
Φα(x) − Φα(x+ 1) = 2gα(x)
(x+ α)2 ,
where gα(x) is deﬁned by
gα(x) = ψ ′(x+ α) − 1
2(x+ α)2 −
(x+ α)2
x3
.
In virtue of the formula [1, p. 255, 6.1.1]
1
xr
= 1
Γ (r)
∞∫
0
tr−1e−xt dt (31)
for x > 0 and r > 0 and the formula (28), it is deduced that
gα(x) =
∞∫
0
[(
t
1− e−t −
t
2
)
e−αt −
(
1+ 2αt + 1
2
α2t2
)]
e−xt dt
=
∞∫ [
1− hα(t)
]( t
1− e−t −
t
2
)
e−(x+α)t dt,0
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hα(t) = 1+ 2αt + α
2t2/2
t/(1− e−t) − t/2 e
αt = e
αt(et − 1)(α2t2 + 4αt + 2)
(et + 1)t . (32)
If α = 0, then
h0(t) = 2(e
t − 1)
t(et + 1)
is decreasing on (0,∞) with limt→0+ h0(t) = 1 and limt→∞ h0(t) = 0. Hence, the function g0(x) is
completely monotonic on (0,∞), since the function t1−e−t − t2 is positive on (0,∞).
If α < 0, the inequality hα(t) 1 for all t > 0 is equivalent to
t(et + 1)
et − 1 = t coth
t
2
 eαt
(
α2t2 + 4αt + 2),
t coth t  e2αt
(
2α2t2 + 4αt + 1)= 2u2 − 4u + 1
e2u
 w(u),
where u = −αt > 0. It is clear that t coth t > 1 is increasing on (0,∞). It is easy to verify that
w(u) < 1 which is equivalent to e2u > 2u2 − 4u + 1 on (0,∞). This implies that hα(t) 1 holds on
(0,∞), and so the function gα(x) is completely monotonic on (−α,∞), for all negative numbers α.
By the above argument, it is obvious that the inequality hα(t) 1 on (0,∞) for α > 0 is equivalent
to
et − 1
et + 1 =
et/2 − e−t/2
et/2 + e−t/2 = tanh
t
2
 t
eαt(α2t2 + 4αt + 2) ,
tanh(t/2)
t/2
 2
eαt(α2t2 + 4αt + 2) ,
tanh t
t
 1
e2αt(2α2t2 + 4αt + 1) ,
tanh(t/α)
t/α
 1
e2t(2t2 + 4t + 1) =
1
e2t[2(t + 1)2 − 1] ,
t
α
coth
t
α
 φ
(
t
α
)
 e2t
[
2(t + 1)2 − 1], (33)
α  t
φ−1(e2t[2(t + 1)2 − 1])  q(t),
where φ−1 means the inverse function of φ(t) = t coth t on (0,∞). By L’Hôpital’s rule and the rule
for differentiating an inverse function, we obtain
lim
t→0+
q(t) = lim
t→0+
φ′(φ−1(e2t[2(t + 1)2 − 1]))
2e2t(3+ 6t + 2t2)
= 1
6
lim
t→0+
φ′
(
φ−1
(
e2t
[
2(t + 1)2 − 1]))= 1
6
lim
u→1+
φ′
(
φ−1(u)
)= 1
6
lim
v→0+
φ′(v) = 0
and
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t→∞q(t) = limt→∞
φ′(φ−1(e2t[2(t + 1)2 − 1]))
2e2t(3+ 6t + 2t2) = limt→∞
φ′(φ−1(2t2e2t))
4t2e2t
= 1
2
lim
t→∞
φ′(φ−1(t))
t
= 1
2
lim
t→∞
φ′′(φ−1(t))
φ′(φ−1(t))
= 1
2
lim
t→∞
φ′′(t)
φ′(t)
= 0.
This shows that the function q(t) is bounded on (0,∞). Therefore, the function −gα(x) is completely
monotonic on (0,∞) if α  supt∈(0,∞) q(t) > 0.
Furthermore, from the facts that the function 1
(x+α)2 is completely monotonic on (−α,∞) and
that a product of ﬁnite completely monotonic functions is also completely monotonic, it is concluded
that the function Φα(x) − Φα(x + 1) is completely monotonic on (−α,∞) if α  0 and so is the
function Φα(x+1)−Φα(x) on (0,∞) if α  supt∈(0,∞) q(t) > 0. Therefore, by deﬁnition of completely
monotonic functions, it is deduced that
(−1)k−1[Φα(x) − Φα(x+ 1)](k−1)  0
for k ∈ N if α  0 and
(−1)k−1[Φα(x) − Φα(x+ 1)](k−1)  0
for k ∈ N if α  supt∈(0,∞) q(t) > 0, which are equivalent to
(−1)k−1[Φα(x)](k−1)  (−1)k−1[Φα(x+ 1)](k−1)  (−1)k−1[Φα(x+ 2)](k−1)
 · · · (−1)k−1[Φα(x+m)](k−1) → 0
as m → ∞ if α  0 and
(−1)k−1[Φα(x)](k−1)  (−1)k−1[Φα(x+ 1)](k−1)  (−1)k−1[Φα(x+ 2)](k−1)
 · · · (−1)k−1[Φα(x+m)](k−1) → 0
as m → ∞ if α  supt∈(0,∞) q(t) > 0, where the mathematical induction and the limit in (29) are
used. Consequently, it follows that (−1)k−1[Φα(x)](k−1)  0 if α  0 and (−1)k−1[Φα(x)](k−1)  0 if
α  supt∈(0,∞) q(t) > 0. As a result, if α  0, the function Φα(x) is completely monotonic on (−α,∞);
if α  supt∈(0,∞) q(t) > 0, the function −Φα(x) is completely monotonic on (0,∞).
Conversely, if the function Φα(x) is completely monotonic on (0,∞), then Φα(x)  0 for x > 0,
which is equivalent to
ψ ′(x+ α)√−ψ ′′(x) and α  (ψ ′)−1(√−ψ ′′(x) )− x.
Since
lim
x→0+
[
(ψ ′)−1
(√−ψ ′′(x) )− x]= lim
u→∞(ψ
′)−1(u) = 0,
then α  0. Hence, the function Φα(x) is completely monotonic on (0,∞) only if α  0. The proof of
Theorem 1 is complete. 
Proof of Theorem2. Suﬃciency follows from the proof of complete monotonicity of the function gα(t)
in the proof of Theorem 1.
F. Qi, B.-N. Guo / Advances in Applied Mathematics 44 (2010) 71–83 79If the function deﬁned by (16) is completely monotonic on (−min{0,α},∞), then the function
ψ ′(x) − 1
2x2
− x
2
(x− α)3 (34)
is completely monotonic on (max{0,α},∞). In particular, the function (34) is positive on
(max{0,α},∞), which is equivalent to
α  x
[
1− 3
√
2x
2x2ψ ′(x) − 1
]
. (35)
As a consequence of either [8, Theorem 2], [10, Theorem 2.1] or [12, Theorem 1.3], the double in-
equality
(k − 1)!
xk
+ k!
2xk+1
< (−1)k+1ψ(k)(x) < (k − 1)!
xk
+ k!
xk+1
(36)
for k ∈ N on (0,∞) can be derived easily. From the inequality (36) for k = 1, it follows that
1
1+ 1/2x <
2x
2x2ψ ′(x) − 1 < 1
on (0,∞). This means that the limit of the function in the right-hand side of (35) tends to 0 as
x → 0+ , which implies α  0.
If the negative of the function (16) is completely monotonic, then inequalities (34) and (35) re-
verse. In [13], it was obtained that
1
2x2
− 1
6x3
<
1
x
− ψ ′(x+ 1) < 1
2x2
− 1
6x3
+ 1
30x5
(37)
for x > 0. Combining this with (30) gives
1
1+ 1/(6x2) <
2x
2x2ψ ′(x) − 1 <
1
1+ 1/(6x2) − 1/(30x4) (38)
when x is suﬃciently large. Hence, when x is suﬃciently large,
x
[
1− 1
3
√
1+ 1/(6x2)
]
> x
[
1− 3
√
2x
2x2ψ ′(x) − 1
]
> x
[
1− 1
3
√
1+ 1/(6x2) − 1/(30x4)
]
.
Since a standard argument yields
lim
x→∞
{
x
[
1− 1
3
√
1+ 1/(6x2)
]}
= lim
x→∞
{
x
[
1− 1
3
√
1+ 1/(6x2) − 1/(30x4)
]}
= 0,
necessary condition, the inequality (17), follows. The proof of Theorem 2 is complete. 
Proof of Corollary 1. It is easy to see that
t <
t
< 1+ t (39)
tanh t
80 F. Qi, B.-N. Guo / Advances in Applied Mathematics 44 (2010) 71–83for t > 0. From this and the inequality (33), in order to show hα(t)  1 on (0,∞), it is suﬃcient to
prove
1+ t
α
 e2t
[
2(t + 1)2 − 1]
for t > 0, which is equivalent to α  p(t), where p(t) is deﬁned by
p(t) = t
e2t[2(t + 1)2 − 1] − 1 .
Since
p′(t) = −e
2t(4t3 + 10t2 + 2t − 1) + 1
[e2t(2t2 + 4t + 1) − 1]2 = −
θ(t)
[e2t(2t2 + 4t + 1) − 1]2
and
θ ′(t) = 8t(t2 + 4t + 3)e2t > 0
for t > 0 with θ(0) = 0, the function p(t) is decreasing on (0,∞) with limt→0+ p(t) = 16 . Conse-
quently, as in the proof of Theorem 1 and Theorem 2, Corollary 1 is proved. 
Proof of Theorem 3. Direct calculation and utilization of (30) yield
λ(x) − λ(x+ 1) =
[
ψ ′(x)
]2 − [ψ ′(x+ 1)]2 + λ[ψ ′′(x) − ψ ′′(x+ 1)]
=
[
2ψ ′(x) − 1
x2
]
1
x2
− 2λ
x3
= 2
x2
[
ψ ′(x) − λ
x
− 1
2x2
]
.
Employing (28) and (31) produces
ψ ′(x) − λ
x
− 1
2x2
=
∞∫
0
(
t
1− e−t −
t
2
− λ
)
e−xt dt =
∞∫
0
[
t/2
tanh(t/2)
− λ
]
e−xt dt.
Since the function ttanh t is decreasing on (0,∞) with
lim
t→0+
t
tanh t
= 1 and lim
t→∞
t
tanh t
= ∞,
the function ψ ′(x) − λx − 12x2 is completely monotonic on (0,∞) for λ 1. Further, since the product
of any ﬁnite completely monotonic functions is still completely monotonic, then the function λ(x)−
λ(x+ 1) is completely monotonic on (0,∞), which is equivalent to
(−1)k−1(k−1)λ (x) − (−1)k−1(k−1)λ (x+ 1) 0 (40)
for k ∈ N on (0,∞).
The formula (28) shows that limx→∞ (k−1)λ (x) = 0 for k ∈ N. Combining this with (40) and using
induction give
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 (−1)k−1(k−1)λ (x+ 3) · · · (−1)k−1(k−1)λ (x+m) → 0
as m → ∞. This means that (−1)k−1(k−1)λ (x) 0 for k ∈ N on (0,∞), and so the function λ(x) is
completely monotonic on (0,∞).
Inequality (36) implies that
lim
x→∞
[
(−1)k+1xkψ(k)(x)]= (k − 1)!. (41)
If the function λ(x) is completely monotonic on (0,∞), then λ(x) 0 which can be rearranged as
λ−[ψ
′(x)]2
ψ ′′(x)
= [(−1)
2xψ ′(x)]2
(−1)3x2ψ(2)(x) (42)
on (0,∞). Utilizing (41) for k = 1 and k = 2 and letting x → ∞ in (42) leads to λ 1. The proof of
Theorem 3 is complete. 
Proof of Corollary 2. Straightforward differentiation yields
f ′p,q(x) = pψ ′(x+ 1)epψ(x+1) − q,
f ′′p,q(x) = p2
{
1
p
ψ ′′(x+ 1) + [ψ ′(x+ 1)]2}epψ(x+1).
From Theorem 3, it is deduced that the function f p,q(x) is strictly convex on (−1,∞) if and only
if p  1 or p < 0. Equivalently, when p  1 or p < 0, the function f ′p,q(x) is strictly increasing on
(−1,∞).
In [14, Theorem 1], it was proved that the double inequality
ln
(
x+ 1
2
)
− 1
x
< ψ(x) < ln
(
x+ e−γ )− 1
x
(43)
holds on (0,∞) and the scalars 12 and e−γ = 0.56 . . . in (43) are the best possible. Utilizing (30) for
k = 1, the inequality (43) can be rearranged as
ln
(
x+ 1
2
)
< ψ(x+ 1) < ln(x+ e−γ ). (44)
Therefore, for p > 0, it may be derived easily that
(
x+ 1
2
)p
ψ ′(x+ 1) < ψ ′(x+ 1)epψ(x+1) < (x+ e−γ )pψ ′(x+ 1),
that is,
(x+ 1/2)p
x+ 1
[
(x+ 1)ψ ′(x+ 1)]< ψ ′(x+ 1)epψ(x+1) < (x+ e−γ )p
x+ 1
[
(x+ 1)ψ ′(x+ 1)].
Combining this with (41) for k = 1 yields immediately that
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x→∞ f
′
1,q(x) = 1− q and limx→∞ f
′
p,q(x) = ∞ (45)
for p > 1 and q ∈ R.
From (36) for k = 1 and (43), it follows that
(x+ 1/2)p
ep/x
(
1
x
+ 1
2x2
)
< ψ ′(x)epψ(x) <
(
1
x
+ 1
x2
)
(x+ e−γ )p
ep/x
for p > 0. Taking x → 0+ on all sides of the above inequality leads to
lim
x→0+
[
ψ ′(x)epψ(x)
]= 0
for p > 0, which implies
lim
x→(−1)+
f ′p,q(x) = −q (46)
for p > 0 and q ∈ R.
Combining the limits (45) and (46) with the increasing monotonicity of f ′p,q(x) for p  1 on
(−1,∞) produces that
1. when p = 1 and q  1, the function f ′1,q(x) is negative and f1,q(x) is strictly decreasing on
(−1,∞);
2. when either p = 1 and q  0 or p > 1 and q  0, the function f ′p,q(x) is positive and f p,q(x) is
strictly increasing on (−1,∞);
3. when p  1 and 0 < q < 1, the function f p,q(x) has a unique minimum on (−1,∞).
On the other hand, if p < 0, similar argument as above gives
lim
x→∞ f
′
p,q(x) = −q and lim
x→(−1)+
f ′p,q(x) = −∞.
Thus, when p < 0 and q  0, the function f p,q(x) is strictly decreasing on (−1,∞); when p < 0 and
q < 0, the function f p,q(x) has a unique minimum on (−1,∞). Corollary 2 is thus proved. 
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